Based on work of Rouquier, some bounds for Aulander's representation dimension are discussed. More specifically, if X is a reduced projective scheme of dimension n over some field, and T is a tilting complex of coherent OX-modules, then the representation dimension of the endomorphism algebra EndO X (T ) is at least n.
Introduction
Let Λ be an artin algebra and denote by mod Λ the category of right Λ-modules. Auslander defined in [1] the representation dimension of Λ as rep. dim Λ = min{gl. dim End Λ (M ) | M generates and cogenerates mod Λ}.
It is known from work of Iyama [7] that rep. dim Λ < ∞. Recently, Rouquier [9] has shown that there is no upper bound for the representation dimension of an artin algebra. More precisely, given a field k and an integer n 1, the exterior algebra Λ(k n ) has representation dimension n + 1. In this note, we use ideas from Rouquier's work and prove the following result.
Theorem. Let k be a field and n 1 be an integer. Denote by Λ n the k-algebra given by the following quiver with relations: If M is a finitely generated Λ n -module which generates the category of finitely generated Λ n -modules, then gl. dim End Λn (M ) n. In particular, rep. dim Λ n n.
Our aim is to give an elementary exposition of the fact that the representation dimension is unbounded. Instead of taking the exterior algebras, we have chosen another class of algebras in order to simplify Rouquier's original proof. Let us stress again that most ideas are taken from [9] . However, along the way some of Rouquier's arguments have been changed and some of the results seem to be new.
Dimensions of triangulated categories
Let T be a triangulated category and fix subcategories X , X 1 , X 2 ⊆ T . Denote by X 1 * X 2 the full subcategory of T consisting of objects X which admit an exact triangle X 1 → X → X 2 → ΣX 1 in T with X i ∈ X i . Denote by X the smallest full subcategory of T which contains X and is closed under taking coproducts, direct factors, and all shifts. Let X 1 ⋄X 2 = X 1 * X 2 . Inductively one defines X 0 = 0 and X n = X n−1 ⋄ X 
be a sequence of morphisms between cohomological functors T op → Ab. For each i,
Proof. Using induction, it is sufficient to prove the assertion for n = 2. Let X 1 → X → X 2 → ΣX 1 be an exact triangle with X i ∈ X i . We obtain the following commutative diagram with exact rows.
A simple diagram chase shows that f 2 • f 1 vanishes on X. Now observe that X 1 ⋄ X 2 consists of direct factors of objects in X 1 * X 2 .
Let A be an abelian category. We denote by D b (A) the derived category of bounded complexes in A and identify A with the full subcategory consisting of complexes concentrated in degree zero. The category D b (A) is obtained from the homotopy category K b (A) by formally inverting all quasi-isomorphisms. Note that
Lemma 2.4. Let A be an abelian category and X ∈ A satisfying Ext n A (X, −) = 0. Then we have X ∈ P n ⊆ D b (A) for the subcategory P ⊆ A of projective objects.
Proof. Given an extension
A (X 0 , X n ) as the composite of extensions
Each ξ i induces a connecting morphism
vanishing on P . The composite f n • . . . • f 1 sends the identity morphism of X 0 to ξ = ξ n • . . . • ξ 1 . Thus ξ = 0 implies X 0 ∈ P n , by Lemma 2.3.
Lemma 2.5 ([5, Theorem 8.3]). Let A be an abelian category and suppose that A has enough projective objects. Let X be a complex in
with exact rows. Defining P i = P X i and taking the composite
as differential, we obtain a complex P . Note that B i P = P B i X , Z i P = P Z i X , H i P = P H i X for all i, and therefore P ∈ P . Now let X 0 = X and P 0 = P . We have a morphism P 0 → X 0 and denote by X 1 the shift of the degreewise kernel. This yields an exact triangle P 0 → X 0 → X 1 → ΣP 0 in D b (A), and we inductively continue this construction. By our assumption on B i X and H i X, we have X n ∈ P . Thus X n−1 ∈ P 2 , and inductively, X ∈ P n+1 .
Recall that a ring Λ is right coherent if the category mod Λ of finitely presented right Λ-modules is abelian.
Proof. We apply Lemma 2.5. Take the abelian category A = mod Λ and observe that P n = Λ n for all n 0.
Representation generators
Given an object M of an additive category, we denote by add M the smallest full subcategory closed under finite coproducts and direct factors.
Definition 3.1. Let A be an abelian category and fix an object M ∈ A. An Mresolution of an object X ∈ A is an exact sequence
of abelian groups is exact. The resolution has finite length if M i = 0 for i ≫ 0. We call M a representation generator if every object X ∈ A admits an M -resolution of finite length.
Remark 3.2. Note that we do not assume any common bound for the length of an Mresolution in our definition of a representation generator M . However, the finite bound gl. dim End A (M ) is automatic in some interesting cases; see Lemma 3.5.
Lemma 3.3. Let A be an abelian category. An object M ∈ A is a representation generator if and only if the inclusion
Then we define F : K b (A) → K b (add M ) by sending X to M X . We construct M X → X by induction on the width of X. Suppose first that X is concentrated in degree zero. Take a finite length M -resolution
which exists by assumption, and define M X i = M i for 0 i n and M X i = 0 otherwise. The morphism M 0 → X induces a quasi-isomorphism φ : M X → X. Moreover, Hom A (M, φ) is a quasi-isomorphism and therefore
we obtain a morphism M X ′ → M X ′′ and complete it to an exact triangle
Moreover, we can complete φ ′ and φ ′′ to a morphism of triangles and obtain an approximation φ : M X → X.
Suppose now that the inclusion K b (add M ) → K b (A) admits a right adjoint F such that the adjunction morphism F X → X is a quasi-isomorphism for all X in K b (A). Given an object X ∈ A, we view X as a complex concentrated in degree zero. We obtain an M -resolution 
Proof. We use that Hom A (M, −) induces an equivalence add M → proj Γ onto the category of finitely generated projective Γ-modules. Recall that Γ is right coherent if the kernel of any morphism φ in proj Γ is finitely presented. We have φ = Hom A (M, ψ) for some morphism ψ in add M . Then X = Ker ψ admits a finite length M -resolution Applying Hom A (M, −), we obtain a projective resolution of length n of Hom A (M, X) = Ker φ. Thus pd Z n + 2.
For the bounds on dim D b (A), observe that we have exact equivalences For the module category of an artin algebra, we have the following characterization of a representation generator. Proof. Suppose first that M is a representation generator of mod Λ with Γ = End Λ (M ). For each X ∈ mod Λ, we have an epimorphism M 0 → X with M 0 in add M . Thus M generates mod Λ. Every finitely presented Γ-module has finite projective dimension, by Proposition 3.4. It follows that Γ has finite global dimension. Now suppose that M generates mod Λ and Γ = End Λ (M ) has finite global dimension. Every finitely presented Λ-module X admits an epimorphism φ : M X → X with M X in add M such that Hom Λ (M, φ) is an epimorphism. This is clear since Hom Λ (M, X) is finitely generated over Γ. Let M 0 = M X and X 1 = Ker φ. Inductively, we define
in mod Γ. We have X i ∈ add M for i gl. dim Γ and therefore the construction terminates, giving an M -resolution of finite length 
Some geometry
We compute explicit bounds for the dimension of certain derived categories, using some elementary facts from algebraic geometry. Given a scheme X, the category of coherent O X -modules is denoted by coh X. Lemma 4.1. Let X be a reduced projective scheme over a field, and let F ∈ coh X. Then there exists a closed point x ∈ X such that F x is a free O x -module.
Proof. We may assume that X is irreducible. The local ring O ξ at the generic point ξ ∈ X is a field, since X is reduced. Thus F ξ is a free O ξ -module, and there is a neighbourhood U such that F | U is free [6, Ex. II.5.7]. We find a closed x ∈ U since the closed points of X are dense [6, Ex. II.3.14].
Lemma 4.2. Let X be a reduced projective scheme over a field, and M ∈ D b (coh X). Then there exists a closed point x ∈ X such that
Proof. We apply Proof. We may identify X = Proj S for some graded ring S [6, Cor. II.5.16]. Let M ∈ D b (coh X) and n 0 such that D b (coh X) = M n+1 . Using Lemma 4.2, there exists a closed x ∈ X such that M x ∈ O x . Let I(x) ⊆ S be the homogeneous prime ideal corresponding to x and F be the sheaf associated to S/I(x). Then F ∈ M n+1 implies for the residue field
Thus n dim O x = dim X, by Lemma 4.3.
Representation dimensions
We are now in a position to give the proof of the main result.
Proof of the Main Theorem. Let k be a field and n 1 an integer. We consider the projective scheme X = P n k and recall that T = n i=0 O X (i) is a tilting sheaf in coh X with End O X (T ) ∼ = Λ n . We have an equivalence
by work of Beilinson [3] . Now let M be a finitely generated Λ n -module which generates mod Λ n . Applying Proposition 4.4 and Corollary 3.6, we obtain
From the definition of the representation dimension, it follows that rep. dim Λ n n.
Remark 5.1. We have actually dim D b (coh P n k ) = n since dim D b (coh P n k ) = dim D b (mod Λ n ) gl. dim Λ n = n by Proposition 2.6.
The proof of the main theorem provides the following method for constructing algebras with representation dimension bounded from below.
Theorem 5.2. Let X be a reduced projective scheme over a field, and let T be a tilting complex in D b (coh X) with Λ = End D b (coh X) (T ). Given a generator M of mod Λ, we have gl. dim End Λ (M ) dim X. In particular, rep. dim Λ dim X.
The actual computation of the representation dimension of Λ = End D b (coh X) (T ) seems to be difficult. However, there is the following bound from above. The argument for the first part is due to Lenzing. We fix a field k and let D = Hom k (−, k). Proposition 5.3. Let X be a smooth projective scheme of dimension n 1 over a field, and let T ∈ coh X be a tilting sheaf with Λ = End O X (T ).
(1) Let Q be an injective and P be a projective Λ-module. Then Hom Λ (Q, P ) = 0.
(2) We have rep. dim Λ 2 gl. dim Λ + 1 < ∞.
Proof.
(1) Let X be projective over the field k and denote by ω = ω X/k the dualizing sheaf. Then Serre duality gives
with mod Λ. Clearly, T is a projective generator of A and we claim that U = T ⊗ O X ω[n] is an injective cogenerator of A. In deed, we have U ∈ A since 
Then gl. dim Λ < ∞.
Proof. Denote by S 1 , S 2 , . . . , S r the simple Λ-modules. We need to check that for each pair i, j, we have Ext l Λ (S i , S j ) = 0 for l ≫ 0. We compute D Ext l Λ (S i , S j ) ∼ = D Hom D b (mod Λ) (S i , S j [l]) ∼ = Hom D b (mod Λ) (S j , F S i [−l]). Now use that for any pair X, Y of bounded complexes, we have Hom D b (mod Λ) (X, Y [−l]) = 0 for l ≫ 0.
